A geometric framework to construct a weak solution of the Euler equations on general curved surfaces containing point vortices are provided. Introducing a weak formulation of the Euler equations on a surface (M, g) in the current space, we discuss universality of point vortex dynamics in a current-valued solution of the Euler equations under the assumption that the singular part of the velocity and the pressure is given by a Hamiltonian system in the current sense and a linear combination (2βX − 1)g(X, u) + (2βω − 1)g(u, u)/2 of the interaction energy density g(X, u) between the regular part X and the singular one u of the velocity and the kinetic energy density g(u, u)/2. We next prove the existence of a current-valued solution of the Euler equations on surfaces which the evolution of the singular support of the vorticity is determined by point vortex dynamics along a background field.
Introduction
The motion of inviscid and incompressible fluid flows in the Euclidian space is governed by the Euler equations,
where v = v(x, t) is the fluid velocity field and p = p(x, t) is the scalar pressure. If the flow field is the plane, defining the vorticity ω = curl v and acting the curl operator on the Euler equations, we have the vorticity equation ∂tω + (v · ∇)ω = 0, ω(x, 0) = ω0(x) (1) and ω0 = curl v0. From this we can understand the dynamics of fluid motions by focusing on the evolution of vorticity since the velocity v can be recovered from the vorticity ω as a Hamiltonian system whose Hamiltonian is given by the solution of the Poisson equation with the source term ω. To obtain qualitative understanding of the dynamics, the dynamics generated by singular vorticity associated with point vortices, vortex sheets and vortex patches, etc is well-inverstigated in the theory of vortex dynamics [12, 16] . However, there has been no unified framework to establish the existence of weak solutions with singular vorticity. The global existence of a unique weak solution of the initial value problem (1) for ω ∈ L 1 (R 2 )∩L ∞ (R 2 ) is introduced in [19] . Though the uniqueness has been unknown, there exists a global weak solution for ω ∈ L 1 (R 2 ) ∩ L p (R 2 ) and p ∈ (1, ∞) [6] . A space containing vortex sheets such as finite Radon measures with a distinguished sign and the corresponding initial velocity v0 ∈ L 2 loc (R 2 ) has been investigated [5, 8, 11] but does not include point vortices. Point vortices are included in functional solutions [3] and the derivation of evolution equation of point vortices on general curved surfaces by geometric argument has been recently developed [14] . Note that these weak solutions are based on a weak formulation of the vorticity equation, the Hamiltonian equation and the Poisson equation in the distribution sense.
As long as we establish a weak solution based on the scheme it is inevitable first that we can not take solutions except for ones given by a Hamiltonian system into account and second that we can not examine how the pressure affects vortex dynamics. The first problem does not arise if the flow field is the plane and also a simply connected domain since every divergence-free vector field is a Hamiltonian vector field. In contrast we can not expect the same thing on multiply connected domains. It is clear from Hodge decomposition that every harmonic vector field except for potential vector field is a solution of the Euler equations but is not Hamiltonian vector field, which gives an elementary counterexample. From the topological viewpoint, we will observe that the difference of the cohomology class of a differential form given by solutions causes the problem. The second problem is induced from the fact that the pressure is implicitly determined by the solution of the vorticity equation since the pressure can be recovered by solving the Poisson equation with the source term div((v · ∇)v). For the strongly singular vorticity like as point vortices we can expect that the corresponding pressure is also strongly singular. In addition the motion of a point vortex should be governed by a strongly singular factor like as the other point vortices. Thus the evolution equation of point vortices should depend on how to define the pressure for point vortices. However there is no such factor in it because it is derived from the vorticity equation, which has no pressure term.
Our purpose is to construct weak solutions of the Euler equations on general curved surfaces from the geometric viewpoint. To this end we are interested in the case the flow field is a general curved surface. The motivation for taking the case into consideration is not only to generalize the flow field from a domain in the plane to surfaces but also to clarify the cause of a difficulty in formulating a weak solution for strongly singular vorticity. In fact the first problem in the above will be solved by introducing a notion to decompose the solution into regular and singular parts in terms of topology of the velocity. Moreover, to solve the second problem we find an explicit formula for the pressure with the velocity by establishing a weak formulation of the Euler equations in the current space, which is developed in the theory of geometric analysis and geometric measure theory.
The main results of this paper consist of two theorems. First, after formulating a current-valued solution of the Euler equations on a surface (M, g) (see Definition 3.1) and for a current-valued solution assuming first that the singular part of the velocity and the pressure are given by a Hamiltonian system in the current sense and a linear combination (2βX − 1)g(X, u) + (2βω − 1)g(u, u)/2 of the interaction energy density g(X, u) between the regular part X and the singular one u of the velocity and the kinetic energy density g(u, u)/2 (see Definition 3.2) and second that the vorticity of u is given by a singular vorticity of point vortices (see Definition 2.2), we prove that the evolution equation of N -point vortices placed on {qn(t)} N n=1 is governed bẏ
where vn is the Hamiltonian field for point vortices in the previous researches [12, 14, 16 ] (see Theorem 4.1). It guarantees universality of point vortex dynamics in a current solution of the Euler equations with a singular behavior. Moreover, we can conclude from Theorem 4.1 that point vortex dynamics in the previous researches is regarded as the case when the singular part of the pressure is given by the kinetic energy density without no interaction between the regular part and the singular one of the velocity. Second, we establish the existence of a current-valued solution of the Euler equations which the evolution of the singular part of the vorticity is determined by the evolution equation (2) for a given initial vorticity to be singular vorticity of point vortices, a given divergence-free time-dependent field X, a given time-dependent function P and given parameters (βω, βX ) ∈ R 2 ( see Theorem 4.3) . Note that the current-valued solution can be constructed explicitly without taking any weak convergence sequence of solutions and the pressure p satisfies p = P + (2βX − 1)g(X, u)
Summarizing these main results, we can conclude that the pressure of point vortices is given by (3) and the coefficient (βX , βω) is corresponding to one in the evolution equation of point vortices (2) . This paper is organized as follows. In Section 2 we review some of standard facts on the theory of currents in Section 2.1 and develop the notion of stream functions in Section 2.2. Section 3 provides a weak formulation of the Euler equation on surfaces in the current sense. In Section 4, our main results are stated and proved.
de Rham current 2.1 Basic concepts and properties
In this section, we give a review of some basic notions in de Rham current theory. The Schwartz distribution theory plays a central role in the weak formulation of partial differential equations in the Euclidian space. In order to formulate them in a weak sense even if the domain is curved and has a complicated topology, we need alternatives to distributions, which is known as currents. Roughly speaking, currents are differential forms with distribution coefficients in local charts. A good reference for the contents of this section is [4] .
Let (M, g) be a n-dimensional Riemannian manifold. A p-current is defined as a continuous linear functional over R on D n−p (M ). We denote the coupling of p-current T and φ ∈ D n−p (M ) by T [φ]. The elements of D p (M ) are often called test forms. The space of all p-currents on M is denoted by D ′ p (M ). To describe time evolution of currents, we will write C r ([0, τ ]; D ′ p )(τ > 0, r ≥ 1) as the space of all C r -time-dependent p-currents. Unless explicitly needed, we often omit r and just write C([0, τ ]; D ′ p ). In the present paper, we shall mainly be concerned with the following examples. Example 1. A current is a generalization of both a distribution and a differential form. In fact, 0-currents are corresponding to distributions on M and every locally integrable p-form is naturally identified with a p-current since for
where * is the Hodge-star operator associated with the metric. δp is known as the delta function on M in the distribution theory. As an example of not a distribution but a current, Let us define dp : v ∈ X r (M ) → dp v ∈ D ′ n−1 (M ) by dp v[φ] = φp(vp). When (M, g) is a surface, we can interpret dp v as a limit of the mean value of a line integral of the vector field along a geodesic circle as follows.
Proposition 2.1. Let (M 2 , g) be a 2-dimensional Riemannian manifold. Fix p ∈ M and v ∈ X r (M ). Then for any φ ∈ D 1 (M ), the following holds:
Proof. Let us take a complex coordinate (U, (z)) centered at p with z(p) = 0. Since we can represent g as
By the residue theorem, we conclude that
We notice that it holds even if the vector field v is only locally defined on a neighborhood of p.
In what follows, for every T ∈ D ′r p (M ), we shall identify the corresponding C r form with it in M \ S(T ) and use the same symbol T . All of currents in this paper is C r and its singular support is consisted of a finite set of points. We define the principal value p.v. :
for each φ ∈ D n−p (M ) if the limit exists, that is the domain D(p.v.) of p.v. is defined as the space of p-currents which the limit exists for every φ ∈ D n−p (M ). The calculus of differential forms such as the differential operator d, tensor products, the codifferential operator δ, the Hodge-star operator * , Hodge Laplacian △ and so on can be extended to currents via test forms like as
. Thus the notions for differential forms such as (co)closedness, (co)exactness and harmonicity also can be taken over them for currents. Moreover, we can define a localizing operator L by L = d p.v. :
The name of the localizing operator comes from the property that by acting it on a given C r current we can extract an asymptotic behavior near the singular support. Furthermore, if necessary, we can extend from D(p.v.) to D(L) by acting L instead of p.v. thanks to focusing on the asymptotic behavior based on a mathematical justification in the theory of currents.
Weak formulation of vector fields
We can also describe weak versions of vector fields as well as differential forms by virtue of velocity forms, that is,
. From this, some functionals on X r (M ) such as the divergence and the vorticity will be reformulated as them on D ′ 1 (M ). As the divergence and the vorticity of v ∈ X r (M ) is δv ♭ and * d v ♭ we define the divergence and the vorticity of α ∈ D ′ 1 (M ) by δα ∈ D ′ 0 (M ) and * d α ∈ D ′ n−2 (M ). From now on we assume (M, g) is a 2-dimensional Riemannian manifold until this subsection ends to formulate the stream function and point vortices on surfaces. The stream function is a key instrument in fluid dynamics in the Euclidian plane. On the other hand, for introducing it we need to assume that for each v ∈ X r (M ) v ♭ is coexact 1-form, or equivalently there exists ψ ∈ Ω 0 (M ) such that d ψ = * v ♭ . Because of this assumption, we face the alternative: to only consider limited flows on general Riemannian manifolds or to confine the case where the first homology of the flow field is trivial. Based on this observation, let us investigate not only dynamics which is governed by a stream function but also perturbed dynamics of a given flow whose perturbation is given by a stream function. Taking the zero section as a given flow in the latter case, we can see the former case falls into the latter category.
For a given X ∈ X r (M ) let us consider a 1-current α ∈ D ′ 1 (M ) such that α − X ♭ is coexact 1-current, that is there exists ψ ∈ D ′ 0 (M ) such that d ψ = * α − * X ♭ . Then the relative velocity current α − X ♭ is equals to the dual − * d ψ of a Hamiltonian system in the current sense. In particular, if α ∈ Ω 1
[r] (M ), the difference between these flux vanishes on every cycles c, that is, c * α − c * X ♭ = 0. Therefore we can characterize the perturbation given by a stream function as one in the same cohomology class for the infinitesimal flux geometrically and as one with the flux on every cycle preserving physically.
In this situation we can also associate the stream function with a vorticity. For a given X ∈ X r (M ) and α ∈ D ′ 1 (M ) which is cohomologous to X ♭ , we define the relative vorticity ω ∈ D ′ 1 (M ) to X by ω = * d(α − X ♭ ). We can see that
If α and X ♭ satisfy the slip boundary condition, that is,
In particular, if S(α) ∩ ∂M = ∅, we can conclude that ψ is constant on the boundary of M . Then we can solve the Poisson equation (4) by a hydrodynamic Green's function
with the Dirichlet constant boundary condition. 1 As well as the Green function, its regularized function, called Robin function R ∈ C ∞ (M ) is a fundamental object in this paper, defined by
where d ∈ C ∞ (M × M ) is the geodesic distance on M . We have ψ = ψ 0 + G, ω for some harmonic function ψ 0 with the where GH, ω is the convolution of GH and ω. In the present paper, we specify a vorticity given by the following form.
if M is closed, 0, otherwise. In this case, the corresponding stream function ψ ∈ D0(M ) can be represented as 
Euler-Arnold flow
The evolution equation of incompressible and inviscid fluid flows on a Riemannian manifold (M, g) is formulated as the geodesic equation for the right invariant L 2 -metric on the volume preserving diffeomorphism of (M, g) by Arnold [1] for closed manifolds and by Ebin and Marsden [7] for manifolds with a boundary:
where ∇ is the Levi-Civita connection on (M, g). Here for each time t ∈ (0, T ], vt ∈ X(M ) and pt ∈ C(M ) are unknown and called the velocity and the pressure while the initial value of the velocity are known. If M has a boundary, vt satisfies the slip boundary condition, that is, vt| ∂M ∈ X(∂M ) for each time t ∈ (0, T ]. (6) and its solution is called the Euler-Arnold equation and Euler-Arnold flow. From now on, we fix an Euler-Arnold flow {vt} t∈[0,T ] and {pt} t∈[0,T ] and a time t ∈ (0, T ]. To obtain a weak formulation of the Euler-Arnold equation in the current sense, we rewrite it in terms of the velocity form v ♭ t instead of the velocity field vt For abbreviation, we shall omit the label t unless otherwise stated. We can take the dual representation of the Euler-Arnold equation as follows.
To write the dual of the advection term ∇vv without using the velocity field, we use the following identity:
(see, for instance, [15] ) In particular, from ∇vv ♭ = Lvv ♭ − d |v| 2 /2 we can conclude that
which is known as the vorticity identity. Hereafter (M, g) is a connected orientable 2-dimensional Riemannian manifold with or without boundary. In this situation (M, g) has a complex structure induced by the dual of Hodge operator. We also assume the existence of a Green function on (M, g). 2 We can deduce from dim M = 2 that ω = * d v ♭ is a smooth function on M , called vorticity. Thus we obtain an integral representation of (8) known as the Kelvin circulation theorem:
for each t > 0 and for each measurable subset U ⊂ M where Φt : M → M is the time t map of {vt} t∈[0,T ] . Moreover, as iv d v ♭ = ω * v ♭ we can deduce from (7) that
We notice that (9) is represented by only differential forms without vector fields and every differential form can be extended to currents. Based on the fact, using a pair of time-dependent currents αt ∈ D ′ 1 (M ) and pt ∈ D ′ 0 (M ) we can rewrite the Euler-Arnold equation in the current sense as follows.
∂tαt + ( * d αt) * αt + d |αt| 2 /2 = − d pt, δαt = 0,
We also restate the slip boundary condition as * αt = 0 on ∂M . On the other hand when αt comes from a singular integral, its weak derivative can not always be defined. We will solve this problem by localizing it using L. Based on these observations, let us introduce the notion of the weak solution of the Euler-Arnold equations. 
We call (10) the weak Euler-Arnold equation and αt the velocity current.
2 It is nontrivial whether a Green function exists on a given Riemann surface. For more details about the existence see, for instance, [17] . 3 We can extend the notion of the Riemannian metric for vector fields to one for differential forms or generally for tensor fields as the fiber metric. From this reason, |v ♭ | makes sense.
Since for every f ∈ C r (M )(r ≥ 1) and φ ∈ D ′ 0 (M ) with supp φ ∩ ∂M = ∅ L d f = 0, a regular part of C r currents can be cut off by L. Thus our next task is to decompose a weak Euler-Arnold flow into a regular part and a singular part. After that, we will discuss a decomposition of each of terms in (10) . In the previous section, we have investigated a 1-current whose difference from a given velocity form is coexact 1-current to use a stream function. We now apply this method to a regular-singular decomposition of a weak Euler-Arnold flow.
Let us assume that for a given weak Euler-Arnold flow αt ∈ D ′ 1 (M ) and pt ∈ D ′ 0 (M ) there exists a time-dependent vector field Xt ∈ X r (M ) such that for each time t, ut = αt − X ♭ t is coexact and the vorticity ωX = * d X ♭ t is γ-Hölder continuous (γ ∈ (0, 1]). In other words, we now consider a weak Euler-Arnold flow whose the singular part of α can be described by a Hamiltonian system on the surface in the current sense. Then we can write the stream function ψ ∈ D ′ 0 (M ) and u by the relative vorticity ω = * d(α − X ♭ ) and a harmonic function ψ 0 as follows.
we can conclude from (10) that u and pω satisfies the following equation.
where ωX is the vorticity of X since it holds that
and L X ♭ = L ωX * X ♭ = L d |X| 2 = 0. We are left with the task of determining the singular behavior of the advection term and the pressure term. To this end, let us study the following toy example. Example 2. Let (M, g) be the Euclid plane (R 2 , (dx 1 ) 2 + (dx 2 ) 2 ). Let us take a weak Euler flow αt ∈ D ′ 1 (R 2 ) and p α t ∈ D ′ 0 (R 2 ) We assume that there exists a time-dependent vector field Xt ∈ X r (M ) such that for each time t, ut = αt − X ♭ t is coexact, its relative vorticity is given by (Γ/2π)δ0 for some Γ ∈ R and the vorticity ωX = * d X ♭ t is γ-Hölder continuous (γ ∈ (0, 1]). Let us compute each of terms in (10) . It follows from ω = I(c) that
To compute L ωX * u, we can assume that for an arbitrary fixed r > 0, supp φ ⊂ Br(0) by taking a partition of unity. Hence for each φ ∈ D 0 (M ) we can see
By Stokes theorem, we obtain
γ-Hölder continuity of ωX yields that
In contrast we can conclude that
Let us note that L |u| 2 does not always vanish if the flow field is a curved surface. Hence we can deduce that one of the simplest but nontrivial situation is that the singular part of the pressure term can be described by βX L d g(X ♭ , u) and βω L d |u| 2 /2 with some growth rate (βX , βω) ∈ R 2 . Taking into account these observations, we define singular relative pressure as follows. Definition 3.2. A weak Euler-Arnold flow αt ∈ D ′ 1 (M ) and pt ∈ D ′ 0 (M ) is said to be C r,γ decomposable (r ≥ 1, γ ∈ (0, 1]) if there exists a time-dependent vector field Xt ∈ X r (M ), a time-dependent function Pt ∈ C r (M ) and (βX , βω) ∈ R 2 such that the following conditions are satisfied: for each time t,
1. αt − X ♭ t is coexact, 2. the vorticity * d X ♭ t is γ-Hölder continuous on M , 3. pt = Pt + (2βX − 1)g(X ♭ t , ut) + (2βω − 1)|ut| 2 /2. Then we call Xt a background field of αt, αt − Xt a relative velocity current and (βX , βω) a growth rate of pt.
If a weak Euler-Arnold flow αt ∈ D ′ 1 (M ) and pt ∈ D ′ 0 (M ) is C r,γ decomposable (r ≥ 1, γ ∈ (0, 1]), we can rewrite (11) as follows.
∂t
Though to obtain an idea we examine a singular behavior of the velocity and pressure by using a single point vortex in the plane, we note that the notion of C r,γ decomposable can be applicable for any weak Euler-Arnold flow, which contains not only point vortices but also a measure-valued solutions such as vortex sheets, vortex patches, etc.
Point vortex dynamics along a background field
In the previous section, we have established the notion of a C r,γ -decomposable weak Euler-Arnold flow. In this setting we can divide the weak Euler-Arnold flow into a regular part as a time-dependent vector field and a singular part as a Hamiltonian system in the current sense. As a result we can reduce the weak Euler-Arnold equation to the evolution equation for these parts (12) . In this section we examine the case where a relative vorticity is given by a singular vorticity of point vortices as an example. Obviously, the framework introduced in the previous section can be applicable not only to singular vorticity of point vortices but also to general distributions like as a measure-valued solution. . Then for every n ∈ {1, . . . , N }, qn(t) is a solution of the following ordinary differential equation:q n(t) = βX Xt(qn(t)) + βωvn(qn(t)),
where vn ∈ X 2 (Br(qn)) 4 with sufficiently small r ∈ R>0 is defined as
We call (13) point vortex equation and the solution of (13) point vortex dynamics along the background field X.
Roughly speaking, this theorem says that though the space of all weak Euler-Arnold flows contains extremely wild solutions, restricting the solutions to ones which are C r,γ decomposable and whose relative vorticity can be given by a singular vorticity of point vortices we can reduce from such solutions to solutions of the finite-dimensional ordinary differential equations. We can divide the proof of Theorem 4.1 into a sequence of formulae in the following lemma. 
2.
3.
L{d
Γn d dq n (βX X + βωvn).
As 
which establishes (15) . Thanks to Proposition 2.1 it is a simple matter to check (16) . From (17) we see that for every
which completes the proof.
Proof of Theorem 4.1. Since the background field X and the relative velocity current u satisfy the assumption of Lemma 4.2, we have each of equations (14)- (16) . From the assumption that X and u are given by a C r,γ -decomposable weak Euler-Arnold flow it follows that N n=1
Γn d dq n {qn − (βX X + βωvn)} = 0, which is the desired conclusion.
On the contrary, we can propose another problem of determining the evolution of a distribution which is the relative vorticity of a C r,γ -decomposable weak Euler-Arnold flow with a prescribed time-dependent vector field to be the background field. For this problem if the distribution is given by a singular vorticity of point vortices, we can find an answer by solving the point vortex equation. Let Xt ∈ X r (M )(r ≥ 1) be a time-dependent vector field. Suppose that δX ♭ t = 0 and ωX is γ-Hölder continuous (γ ∈ (0, 1]). Let q be a C r one-parameter family q : t ∈ [0, T ] → q(t) = (qn(t)) N n=1 ∈ Diff r (QN ). Let ωt ∈ D ′ 0 (M ) be a singular vorticity of point vortices placed on {qn(t)} N n=1 . Let a time-dependent current ut ∈ D ′ 1 (M ) be given by ut = − * d GH, ωt Suppose that for every n ∈ {1, . . . , N }, qn(t) is a solution of the following ordinary differential equation: qn(t) = βX Xt(qn(t)) + βωvn(qn(t)).
Define αt ∈ D ′ 1 (M ) and pt ∈ D ′ 0 (M ) by αt = Xt + ut, pt = Pt + (2βX − 1)g(X ♭ t , ut) + (2βω − 1)|ut| 2 /2. Then the pair of αt and pt is a C r,γ -decomposable weak Euler-Arnold flow.
Proof. Let us first to prove that the pair of αt and pt is a weak Euler-Arnold flow. Owing to Lemma 4.2, it is easy to check that αt and pt satisfy the condition 1-3 in Definition 3.1. In addition we can see that ∂t L α = ∂t L u = Γn d dq n (βX X + βωvn).
From the assumption on qn we can conclude that the pair of αt and pt is a weak Euler-Arnold flow. By definition, it is obvious that the weak Euler-Arnold flow αt and pt is C r,γ -decomposable.
The theorem provides the existence of a C r,γ -decomposable current-valued solution of the weak Euler-Arnold equations by a constructive method but its uniqueness in the space of C r,γ -decomposable weak Euler-Arnold flows is still open. Let us note that the solution does not always exists global in time since there exists a blowup solutions in finite time, called collision solutions even if the flow field is the plane [13] .
